Mathematics Higher Level for the IB Diploma

Revision answers: Calculus (Topic 6)

[ Coursebook chapters: 16-20 ]

1. f'(x)=3ax>+2bx+4
f"(x) = 6ax +2b
So,
f(2)=0 = 12a+4b+4=0 = 3a+b=-1
f"2)=10 = 12a+2b=10 = 6a+b=5

Solving simultaneously gives a =2, b =-7

2. jZZcosexjdx {mnexﬂi - 2(?—(—3) =2+1

) -6 2 _ 3 1 1
3. () (x=2)(x=6) _x Bx+12_ 5 a2 4120
7 E
e azg,bzl,c=—l
2 2 2
1 1 3
(b) d—yzéxz—4x 2—-6x 2
dx 2
Atx=4,d—y=l
dx 4

-~ gradient of normal = —4

Whenx =4, y=-2.

So,y—(2)=—4(x-4) = y=—4x+14

[5 marks]

[4 marks]
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(c) (i) Atthe intersection with the x-axis, y=0: 0=—4x+ 14 = x =% .

At the intersection with the y-axis, x =0: y =14,
7
So,P(E,Oj, 0(0, 14)

1 4
(i1) Area =§x%><14=79 [13 marks]

4. From GDC, the intersection point is (0.7628, 0.9137) and the second curve has root 1.0327.

1
If a =0.7628 and b = 1.0327, the area shown is Ioax3 dx +Ib(e_x2 —x)dx .

Area =0.5227 + 0.1207 = 0.643 (3SF) [6 marks]

5. () y =120 242"+ 12x
At stationary points ' =0
3 2, . _ 2_ _
= X -2+x=0 = x(x—-1)"=0 = x=0,1
So stationary points are (0, —2) and (1, —1)
(b) y" =36x" — 48x + 12
Atx=0,y"=12>0 = (0,-2) local minimum.

Atx=1,y" =0 so check )’ either side of x = 1.
1 3 . . . .
When x =5 ,¥' >0 and when x =5 , >0 = (1,-1) (positive) point of inflexion.

(©)

(1, -1)
0,-2)

[12 marks]
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6. Using the reverse chain rule or the substitution, u = -9

jxffgdxzzln(ﬁ—9)+c=1n(x2—9)2+c [6 marks]
7. Using the product rule for (a) and quotient rule for (b):
(a) y'= 2¢%" tan’ 3x + &> x 2(tan 3x) x 3 sec? 3x
=2e”" tan” 3x + 6¢”" tan 3x sec” 3x

=2¢*" tan 3x(tan 3x + 3 sec’ 3x)

2x
(b) y =1

(1+x2)—1n(1+x2)2x
(l—i-x2 )2
i 2x(1—1n(1+x2)) 9 marks]

(l+x2 )2

2

8. (@) (i) v=[adr=37-221+c

v=35whent=0 = c¢=35

" v=3F —22t+35
(i1) 374 -22t+35=0 = Bt-7(t-5=0 = t=g,55econds

(iii) For local max/min, v'=0,s0 6¢—22=0 = t=1?1.

However, at t = %, y= —? , whereas at t =0, v =35.

- max speed =35 ms "
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: . 7 . .
(b) We know that P has negative velocity for 3 <t<35, so P is moving back towards

O here.

So find the displacement for 0 <¢ < % and% <t <5 separately:

7 7 7
s =jf}dr:k4y2fzm+35dr=[ﬁ—1h2+3&lf=23lm
s, = j%vdt:j%yz—22z+35dt=[t3—11t2+35t]%=—@m
1 25 11
s 224_&:_97 ~ 44 m [11 marks]
27 27 27
9. (@ (i) y=3" = Iny=In3") = Iny=xIn3

Differentiating: ly' =In3 = y'=yln3= 3'In3
Y

X

3
iy [3xdx=
(i) [3x n3

+c

@)u:f7:>g%=3xm3=um3

Whenx=0,u=1and whenx=1, u = 3.

J-l 3 dxzf w*  du 1 3 u

03" +1 "u+luln3 I3t u+l
_L 1- : du
In37! u+l1
1 s 2-1n2
=——|u—In(u+l)| = 12 k:
n3 (us1) ] n3 [12 marks]
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2
10, 26+ 2y~ 3y—3ny =0 = y =YX

2y —3x

=0 = 3y—-2x=0 :y=23—x

Substituting into the original function:
2x ) 2x
X+ [?) —3){?) +20=0 = x'=36 = x=+6

So the stationary points are (6, 4) and (—6, —4). [9 marks]

. . 1
11. (a) cos2x=1-2 sin®x = sin’x= E(l — Cos 2x)
. ! TR | .
.'.Ism xdxzj—(l—COSZx)dxz— x——sin2x |+c¢=—(2x—sin2x)+c
2 2 2 4

(b) V= nJ‘OA yidx = ﬂJAOAx sin” x dx

% ox
= £(2x—sin2x) —I Al(Zx—sin2x)dx
4 1, Jo g

L 40 0

: 17 %
=1 £(2x—sin 2x) ’ —{l(xz +lcos ZxH 2}
4 4 2

2
_g| S [12 marks]
16

12. (a) Height of triangular face = NE)

Area of triangular face of water of depth /4 and base b, 4 = %bh

By similar triangles: h = ﬁ = b= 20
b NG}
. 1 1 2h )
So, the volume of water at height 4, VZEbh x6= Exﬁh xX6= 2\/§h .
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(b) Capacity of tank = 63 , S0 when quarter full V= %\/5 .

%ﬁzzﬁhz = h:?

dr
Then, — = 43k
dh

dh_dhdv_ 1 600 3
de dV dt 43h 10° 200003k
So, whenh=£,%= 3 = ! ms”' (oricmlj [7 marks]
2 10000 100

a 200003 [\EJ

13. (a) y=arctan§ = tany :g

1 1 1 3

’

2,1
LsecTyy =— = y'= = =
»73 Y Ssect y 3(1+tan” y) 3[1+x2] X +9

3 X 3 X
(b) Jﬁarctangdxzjﬁlxarctangdx

r 3
= xarctanI - ’ 3_x
3_\/5 Bx* 49

3

- T T3, T (9—2\6)”—181115
=| xarctan— | — —ln(x +9) =
L 315 L2 N 12

[9 marks]

14, (a) 11+10x-x*=11-(x—5)>+25=36—(x—5)°

ie.a=36,b=5

c

c 1 T c 1 n x-=5 s
b | —=b= = | === = {arcsin(—ﬂ =
L VI1+10x - x* 6 L /36_(x_5)2 6 6 )|, 6

. [C—Sj
— arcsin| —— |=
6

= = = =8 /8 marks]

T 1
6 6 2
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